Topological basis for understanding the behavior of the heavy-fermion metal β − YbAlB 4 under application of magnetic field and pressure
Informative recent measurements on the heavy-fermion metal β −YbAlB4 performed with applied magnetic field and pressure as control parameters are analyzed with the goal of establishing a sound theoretical explanation for the inferred scaling laws and non-Fermi-liquid (NFL) behavior, which demonstrate some unexpected features. Most notably, the robustness of the NFL behavior of the thermodynamic properties and of the anomalous T 3/2 temperature dependence of the electrical resistivity under applied pressure P in zero magnetic field B is at variance with the fragility of the NFL phase under application of a field. We show that a consistent topological basis for this combination of observations, as well as the empirical scaling laws, may be found within fermion-condensation theory in the emergence and destruction of a flat band, and explain that the paramagnetic NFL phase takes place without magnetic criticality, thus not from quantum critical fluctuations. Schematic T − B and T − P phase diagrams are presented to illuminate this scenario. 
I. INTRODUCTION
Recent measurements on the heavy-fermion (HF) metal β − YbAlB 4 have been performed under the application of both a magnetic field B and hydrostatic pressure P , with results that have received considerable theoretical analysis [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Measurements of the magnetization M (B) at different temperatures T reveal that the magnetic susceptibility χ = M/B ∝ T −1/2 demonstrates non-Fermi liquid (NFL) behavior and diverges as T → 0, implying that the quasiparticle effective mass m * diverges as m
2 This kind of quantum criticality is commonly attributed to scattering of electrons off quantum critical fluctuations related to a magnetic instability; yet in a single crystal of β − YbAlB 4 , the QCP in question is located well away from a possible magnetic instability, making the NFL phase take place without magnetic criticality.
2 Additionally, it is observed that the QCP is robust under application of pressure P , in that the divergent T and B dependencies of χ are conserved and are accompanied by an anomalous T 3/2 dependence of the electrical resistivity ρ. 6 In contrast to resilience of these divergences under pressure, application of even a tiny magnetic field B is sufficient to suppress them, leading to Landau Fermi liquid (LFL) behavior at low temperatures 1,2 . Thus, among other unusual features, the metal β − YbAlB 4 presents challenging theoretical problems: How to reconcile the frailty of its NFL behavior under application of a magnetic field, with the robustness of the NFL phase against application of pressure in zero magnetic field; How to explain that the paramagnetic NFL phase takes place without magnetic criticality, thus not from quantum critical fluctuations.
II. SCALING BEHAVIOR
To address these challenges within a topological scenario based on the emergence of a fermion condensate (FC), we begin with an examination of the scaling behavior of the thermodynamic functions of this HF compound considered as homogeneous HF liquid [11] [12] [13] . We note that the existence of FC has been convincingly demonstrated by purely theoretical and experimental arguments, see e.g. [14] [15] [16] [17] [18] . The Landau functional E(n) representing the ground-state energy depends on the quasiparticle momentum distribution n σ (p). Near the fermion-condensation quantum phase transition (FC-QPT), the effective mass m * is governed by the Landau equation 
here written in terms of the deviation δn σ (p) ≡ n σ (p, T, B) − n σ (p, T = 0, B = 0) of the quasiparticle distribution from its field-free value under zero pressure. The Landau interaction F (p 1 , p 2 ) = δ 2 E/δn(p 1 )δn(p 2 ) serves to bring the system to the FCQPT point where m * → ∞ at T = 0. As this occurs, the topology of the Fermi surface is altered, with the effective mass m * acquiring temperature and field dependencies such that the proportionalities C/T ∼ χ ∼ m * (T, B) relating the specific heat ratio C/T and the magnetic susceptibility χ to m * persist. Approaching the FCQPT, m * (T = 0, B = 0) → ∞ and thus Eq. (1) becomes homogeneous, i.e., m * (T = 0, B) ∝ B −z and m * (T, B = 0) ∝ T −z , with z depending on the analytical properties of F . [11] [12] [13] 21 On the ordered side of the FCQPT at T = 0, the single-particle spectrum ε(p) becomes flat in some interval p i < p F < p f surrounding the Fermi surface at p F , coinciding there with the chemical potential µ,
At the FCQPT the flat interval shrinks, so that
Another inflection point emerges in the case of a non-analytical Landau interaction F , instead with
at which the effective mass diverges as m
Such specific features of ε can be used to identify the solutions of Eq. (1) corresponding to different experimental situations. In particular, the experimental results obtained for β − YbAlB 4 show that near QCP at B ≃ 0, the magnetization obeys 1-10 M (B) ∝ B −1/2 . This behavior corresponds to the spectrum ε(p) given by Eq. (3) with (p f −p i )/p F ≪ 1. At finite B and T near the FCQPT, the solutions of Eq. (1) determining the T and B dependencies of m * (T, B) can be well approximated by a simple universal interpolating function [11] [12] [13] . The interpolation occurs between the LFL (m * ∝ a + bT 2 ) and NFL (m * ∝ T −1/2 ) regimes separated by the crossover region at which m * reaches its maximum value m * N at temperature T M , and represents the universal scaling behavior of
Here c 1 and c 2 are fitting parameters, T N = T /T M is the normalized temperature, and
while
It follows from Eqs. (4), (5), and (6) that the effective mass exhibits the universal scaling behavior
with c 3 a constant. [11] [12] [13] Eqs. (4), (5), (6) , and (7) will be used along with Eq. (1) to account for the experimental observations on β − YbAlB 4 . We note that the scaling behavior at issue refers to temperatures T T f , where T f is the temperature at which the influence of the QCP becomes negligible.
11,12 . Based on Eq. (7), we conclude the magnetization M as described within the topological setting of fermion condensation does exhibit the empirical scaling behavior, being given by
At T < B the system is predicted to show LFL behavior with M (B) ∝ B −1/2 , whereas at T > B, the system has entered the NFL region and M (T ) ∝ T −1/2 . Moreover, dM (T, B)/dT again exhibits the observed scaling behavior, with dM (T, B)/dT ∝ T at T < B and dM (T, B)/dT ∝ T −3/2 at T > B. Thus our analytical results are in accordance experiment, 2,4,5 free from fitting parameters and empirical functions.
In confirmation of the analysis of the scaling behavior, Fig. 1 displays our calculations of the dimensionless normalized magnetization measure (B 1/2 dM (T, B)/dT ) N versus the dimensionless normalized ratio (T /B) N . The normalization is implemented by dividing B 1/2 dM (T, B)/dT and T /B respectively by the maximum value of (B 1/2 dM (T, B)/dT ) M and by the value of (B/T ) M value the maximum occurs. It is seen that the calculated single scaling function of the ratio (T /B) N tracks the data over four decades of the normalized quantity (B 1/2 dM (T, B)/dT ) N , while the ratio itself varies over five decades. It also follows from Eq. (8) that (B 1/2 dM (T, B)/dT ) N exhibits the proper scaling behavior as a function of (B/T ) N . Figure 2 illustrates the scaling behavior (B 1/2 dM (T, B)/dT ) N of the archetypal HF metal YbRhSi 2 . The solid curve representing the theoretical calculations is taken from Fig. 1 . Thus, we find that the scaling behavior of β − YbAlB 4 , as extracted from measurements 22, 23 and shown in Fig. 1, is not unique, as Fig. 2 demonstrates the same crossover under application of the magnetic field in the wide range of the applied pressure. 
III. THE KADOWAKI-WOODS RATIO
Under application of magnetic fields B > B c2 ≃ 30 mT and at sufficiently low temperatures, β − YbAlB 4 can be driven to the LFL state having resistivity of the form ρ(T ) = ρ 0 + AT 2 . Measurements of the coefficient A of the T 2 dependence have provided information on its B-field dependence 1 . Being proportional to the quasiparticle-quasiparticle scattering cross section, A(B) is found to obey 24, 25 A ∝ (m * (B)) 2 . In accordance with Eq. (5), this implies that
where A 0 and D are fitting parameters. 11, 12 We rewrite Eq. (9) in terms of the reduced variable A/A 0 ,
where ical dependence (10) agrees well with experiment over a substantial range in B. This concurrence suggests that the physics underlying the field-induced re-entrance into LFL behavior is the same for classes of HF metals. It is important to note here that deviations of the theoretical curve from the experimental points at B > 2.5 T are due to violation of the scaling at the QCP. (10) and conclude that the Kadowaki-Woods ratio A/γ 2 ∝ A/χ 2 ≃ const. is conserved in the case of β − YbAlB 4 , much as in other heavy-fermion compounds 1, 3, 11, 26 .
IV. THE PHASE DIAGRAMS
The results of the above analysis of the scaling properties of this HF system based on a topological scenario allow us to construct the schematic T − B phase diagram of β−YbAlB 4 presented in Fig. 5 , with the magnetic field B as control parameter. At B = 0, the system acquires a flat band satisfying Eq. (2), implying the presence of a fermion condensate in a strongly degenerate state of matter that becomes susceptible to transition into a superconducting state 11, 27 . This NFL fermion-condensate regime exists at elevated temperatures and fixed magnetic field. QCP indicated by the arrow in Fig. 5 is located at the origin of the phase diagram, since application of any magnetic field destroys the flat band and shifts the system into the LFL state, provided that the superconducting state is not in play 11, 12, 28 . The hatched area in the figure denotes the crossover region that separates the NFL state from the LFL state, also indicated in Fig. 1 .
Significantly, the heavy-fermion metal β − YbAlB 4 is in fact a superconductor on the ordered side of the corresponding phase transition. When analyzing the NFL behavior of ρ(T ) on the disordered side of this transition, it should be kept in mind that several bands simultaneously intersect the Fermi surface, so that the HF band never covers the entire Fermi surface. Accordingly, it turns out that quasiparticles that do not belong to the HF band make the main contribution to the conductivity. The resistivity therefore takes the form ρ(T ) = m * norm γ(T ), where m * norm is the average effective mass of normal quasiparticles and γ(T ) describes their damping. The main contribution to γ(T ) can be estimated as [29] [30] [31] [32] 
Based on Eqs. (3) and (6), we obtain 32 ρ(T ) ∝ T 3/2 . On the other hand, one would expect that at T → 0 the flat band (2) comes into play, producing the behavior ρ(T ) ∝ A 1 T , with the factor A 1 proportional to the flat-band range (p f − p i )/p F ≪ 1. However, such behavior is not seen, because this area of the phase diagram is captured by superconductivity, as already indicated in Fig. 5 . The low-T resistivity ρ(T, P = 0) ∝ T 3/2 found experimentally Pressure P/Pc and number-density index x/xc are taken as control parameters, with xc the critical doping. At P/Pc > 1 and sufficiently low temperatures, the system is located in the LFL state (shadowed area). Moving past the QCP point to P/P c < 1 into the NFL region, the system develops a flat band that is the signature of fermion condensation (FC). The upward vertical arrow tracks the system moving in the LFL-NFL direction along T at fixed control parameters. Not shown is the low-temperature stable phase satisfying the Nernst theorem (superconducting in the case of β − YbAlB4) that must exist for P/Pc or x/xc below unity.
for the normal state of β − YbAlB 4 is consistent with this analysis. When the pressure P is raised to a critical value P c , there is a crossover to Landau-like behavior ρ(T ) = ρ 0 + A 2 T 2 . Assuming that P ∝ x, where x is the doping or the HF number density, 23 we observe that such behavior closely resembles the NFL behavior ρ(T ) ∝ T 1.5±0.1 revealed in measurements of the resistivity in the electron-doped high-T c superconductors La 2−x Ce x CuO 4 . 33, 34 In that case the effective mass m * (x) diverges as x → x c or P → P c 33,34 according to 11, 12, 32 (m
Here a 1 and a 2 are constants, while x c is the critical doping at which the NFL behavior changes to LFL behavior, the FC having decayed at x c and the system having moved to the disordered side of the FCQPT. In Fig. 6 we display the schematic T −x phase diagram exhibited by β − YbAlB 4 when the system is tuned by pressure P or by number density x. At P/P c < 1 (or x/x c < 1) the system is located on the ordered side of topological phase transition FCQPT and demonstrates NFL behavior at T T f . Thus, the NFL behavior induced by the FC that persists at P < P c is robust under application of pressure P/P c < 1.
12,28 (We note that such behavior is also observed in quasicrystals. 13, 35 ). At low temperatures the FC state possessing a flat band, highlighted in the figure, is strongly degenerate. This degeneracy stimulates the onset of certain phase transitions and is thereby lifted before reaching T = 0, as required by the Nernst theorem. 27, 36 With rising pressure (indicated by arrows in Fig. 6 ), the system enters the region P/P c > 1, where it is situated prior to the onset of the FCQPT and demonstrates LFL behavior at sufficiently low temperatures (shaded area in the figure) . The temperature range of this region shrinks when P/P c → 1, and m * diverges as described by Eq. (11). These observations are in accord with the experimental evidence.
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V. SUMMARY
To summarize, we have analyzed the thermodynamic properties of the heavy-fermion metal β − YbAlB 4 and explained their enigmatic scaling behavior within a topological scenario in which FC phase plays an essential role. We have explained why the observed NFL behavior is extremely sensitive to a magnetic field, and how the thermodynamic properties and anomalous T 3/2 dependence of the electrical resistivity remain intact under the application of a pressure. 
